Abstract. This paper presents a method for simulating compressible two-phase flow by combining the best features of a front tracking method (FT) and a ghost fluid method (GFM). In contrast to GFM, a Riemann problem is solved to find the ghost states. And in contrast to FT, the front states used in the Riemann problem are not dynamic variables but are obtained by extrapolation from the interior (grid) states. Pressure jumps associated with surface tension forces are modeled in the Riemann problem. This method handles surface tension forces in a sharp way and avoids artificially spreading surface tension forces over the computational grid as used in continuous surface models. To handle the topological bifurcations of a three-dimensional (3D) surface mesh in the FT, an improved locally grid-based method (LGB) is proposed. The method is robust and minimizes the numerical mass diffusion due to interface reconstruction. The performance of the method is assessed from a broad set of test problems including compressible Kelvin-Helmholtz instabilities, parasitic currents, drop oscillation, bubble-shock interaction, and Rayleigh instabilities. The proposed new method is shown to be comparable to either of its constituent methods by themselves. The advantage of the new method lies in the removal of late time instabilities associated with both of the constituent methods when applied to the 3D simulation of a high speed jet.
Introduction.
For the simulation of two-phase flow, especially in the case of a strong density contrast between the phases, a special treatment of the interface is required. Front tracking is one of the popular methods. We improve on this method in three critical ways. For the coupling of the interface to the interior states, we combine ideas from our own method with those of others to propose a new coupling framework. We show that it is comparable to our previous method and to methods of others on test problems; we prefer it because of improved late time stability properties. We improve the method for the bifurcation of the interface, and we introduce an improved algorithm for the surface normal and curvature to improve the accuracy of the computation. We illustrate the new algorithm with a simulation of the primary breakup of a high speed jet. For this problem details will be published separately.
To evolve the liquid-gas interface, many methods have been proposed; of these, volume of fluid (VOF), level set, and front tracking methods (FTs) are the most popular. A complete review is beyond the scope of this paper. Readers are referred to the papers of Sethian [38] , Scardovelli and Zaleski [37] , Glimm et al. [9, 11] , and Tryggvason et al. [44] . A comparison of these three methods [6] shows the strengths of front tracking. tension forces depend on the accuracy of normal and curvature calculations. We implement a local polynomial approximation to obtain normal vectors and curvature tensors [19] . The method is proved to be more accurate than our previous one [6] .
In section 3, the FT/GFM approach to the discretization of the compressible Navier-Stokes equations is described, and an improved LGB is proposed to handle topological bifurcations in three-dimensional (3D) surface meshes. Section 4 will concentrate on simple verification cases: the parasitic currents, droplet oscillation, shockbubble interaction, and the compressible Kelvin-Helmholtz and Rayleigh instabilities. To illustrate the robustness of our interface algorithm, we present results from the simulation of the turbulent atomization of a high speed liquid jet in section 5. where τ ij are the shear stress and E is the total energy per unit volume defined by
Governing equations.
here e is the specific internal energy. In addition to (2.1), the stiffened gas equation of state is used:
Here the constants γ and p ∞ are characteristic parameters of material. This equation reduces to the ideal gas equation of state when p ∞ is zero. In all of the following simulations except the bubble-shock interaction test, the liquid is n-heptane with γ = 3.19, p ∞ = 3000, and the gas is air with γ = 1.4, p ∞ = 0. Across the interface, the pressure is not continuous, and the jump condition can be written as
where σ is the surface tension, κ is the interface curvature, n is the interface normal, and [18] is used to account for the density jump and the pressure jump due to the surface tension force, while the continuum surface force approach [3] is used to model the jump in viscous stress.
For FTs, two fluids are separated by an interface. In a finite difference implementation, the states on the other side of the interface need to be reconstructed to avoid numerical oscillations. The ghost cell method was first proposed by Glimm, Marchesin, and McBryan [13] to handle the discontinuous variables across the interface in the FT. Fedkiw used a GFM [7] in the level set method with discontinuous variables extrapolated to the ghost node on the other side of the interface and the continuous variables copied from the adjacent fluid states. Hu and Khoo [18] found this approach to be sensitive to small perturbations for air-water interaction, and they proposed an interface interaction method to obtain the states at ghost nodes.
Hao and Prosperetti [14] combined an FT and a GFM to solve 3D free-surface flow problems with an incompressible liquid and a compressible gas. Terashima and Tryggvason [43] coupled a GFM and an FT to solve fully compressible liquid-gas systems. We solve the compressible Euler or Navier-Stokes equations with an FT and a GFM. We combine these ideas as follows. First, we use Hu and Khoo's interface interaction method [18] to obtain ghost states. Second, we reconstruct states on the interface from ghost states and regular grid cell states. We propagate interface points using interface states and a local Riemann problem solved there. These modifications are important to achieve late time stability of the interface.
For simplicity, we first describe the algorithm in one dimension. Suppose the interface lies between the node j and j + 1. Let the states at the node j and j + 1 be W l = (ρ l , u l , p l ) and W r = (ρ r , u r , p r ). A Riemann problem with W l and W r as its data is first solved, and then the left ghost velocity u g l and pressure p g l of node j can be obtained from the left states of the contact wave. The ghost node entropy is copied from W l , i.e., s g l = s l . The right ghost node state can be obtained in the same way. This method is very similar to Algorithm A in [18] . The difference is that we construct ghost states by solving an exact Riemann problem instead of using the method of characteristics. When there is surface tension on the interface, the Riemann problem for the ghost states is subject to the constraint
where σ, κ are the surface tension coefficient and the mean curvature. The viscous stress terms in (2.2) are modeled by the continuum surface force approach [3] and do not appear in (3.1). In this way, the surface tension force is implemented in a sharp way, more consistent with the GFM than with the continuous surface model. In two and three dimensions, we adopt the method in [18] and construct ghost states in the normal direction of the interface.
We then show that our method is suitable to solve high acoustic impedance mismatch (AIM) interface problems such as gas-water interaction. When solving Euler equations numerically for high AIM interface, it is found that numerical oscillations may cause the breakdown of computation [25, 30] . Liu, Khoo, and Wang [24] proposed that an incorrect or inconsistent Riemann wave provided by the GFM Riemann problems in the respective real fluid may cause the numerical oscillations. They also proposed the following method to check the consistency of the two GFM Riemann problems. Downloaded , u g ). Since the left and right ghost states are given by the same point (p g , u g ) on the p − u plane in our method, conditions (1) and (2) are satisfied. It is worth mentioning that Liu, Khoo, and Wang [24] show that the two conditions can be violated by both the original GFM [7] and the modified GFM [8] . Therefore, they may generate unphysical waves near the interface.
The accurate computation for differential quantities of an interface, such as normal vectors and curvature tensors, is necessary for the method to track the motion of the interface for a long time. We use the method proposed by Jiao and Zha [19] to obtain the normal vector and the mean curvature. At each point in the interface, a local third-order polynomial approximation to the local interface positions is formulated by weighted least square approximations. Then the normal vector and the principal curvature tensor are computed from the first-and second-order derivatives of the polynomial. The method is proved to be second-and first-order accurate for the normal vector and the curvature tensor [19] .
Interface propagation.
The interface points are propagated in a Lagrangian fashion by integrating
where x f is the point on the interface. V n (x f ) is the normal velocity at x f , which in Terashima and Tryggvason's method is interpolated from the fixed grid points to the interface point by use of bilinear interpolation [44] . We adopt a modification of this approach, with a different method to obtain the normal velocity, which appears to have improved stability for a complicated interface with a large surface tension. For each point on the interface, we interpolate the fluid states on the left and right of the point using a bilinear (or trilinear in three dimensions) interpolation; see Figure 1 . With the left and the right states as data, we solve a Riemann problem along the normal direction to obtain the normal speed V n (x f ).
Time step. The time step Δt at time t
n is determined by restrictions due to the CFL condition, viscosity, surface tension, and interface velocity [41] ,
where the subscripts i, j, k and p represent the indices of cell centers in the flow field and the interface points, respectively, and c n is the sound speed at time t n . CF L is a stability coefficient CF L = 0.75 for all our simulations. 
Interface redistribution and reconstruction.
As the interface expands or contracts, the finite resolution of the interface leads to a poor distribution of interfacial element sizes, which can in turn lead to the overdevelopment of interfacial instabilities. Therefore, we periodically reinterpolate the interface points. In 3D space, all triangles are sorted according to their size and aspect ratios. Small triangles are merged with neighbors, while large triangles are subdivided. Bad aspect ratio triangles are flipped along their diagonals to improve the aspect ratios. Details of the algorithm were given in [12] . For all the simulations in this paper, we have found that redistributing the interface mesh every five steps is enough to maintain the mesh quality.
Topological bifurcation occurs frequently during the primary breakup of a liquid jet. Triangles on the surface mesh must be allowed to reconnect with each other when they are tangled. Three methods have been implemented to resolve the tangled interface in FronTier. A grid-free method (GF) propagates the interface without reference to the underlying rectangular grid, except for occasional redistribution to achieve uniformity of triangles. The tangled interface is resolved by methods of interface surgery and topological consistency. It is very accurate but the untangling step is prone to logical errors and loss of robustness. At the other extreme is a grid-based method (GB) [11] , which reconstructs the interface at each time step based on the crossings of the propagated interface with the edges of the rectangular grid. Given these crossing points, a set of templates fills in the interior of each grid cell with a piecewise linear surface to represent the interface. Since the reconstructed interface respects the crossings, it must agree with neighbor cells at these crossings. A further step ensures that it agrees on faces, and so the global interface reconstructed is well defined. This GB interface is overly smoothed and of low quality. The resolution of this choice between the robustness of GB and the quality of GF is a locally grid-based method (LGB), which is GB only in space time regions of a tangled interface and is GF elsewhere.
The LGB thus identifies some bad triangles of the propagated interface. It isolates these and preserves the intersections of the interface with the grid cell edges to allow Downloaded 11/13/12 to 129.49.23.145. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php a GB reconstruction locally near the bad region. Triangles neighboring the bad region are removed, and so there is a gap separating the good part of the interface from the reconstruction of the bad part of the interface. The major step is to reseal this gap.
In order to keep the triangular mesh topologically valid, we impose two constraints on the triangular mesh:
(1) One side of a triangle connects with at most one triangle.
(2) One nonboundary vertex has only one associated list of triangles formed by linking successively adjacent triangles. Figure 2 shows two examples of invalid cases. We describe the main procedures of our improved LGB reconstruction method. The moving interface is represented by a surface S which is comprised of triangles. B is a 3D rectangular box. S is tangled inside box B. Let S 1 be a subsurface of S which is comprised of all the triangles inside or intersecting B.
(a) S 1 is removed from S. We rename S to stand for S\S 1 . Polygonal holes form on S after this step. (b) If a vertex is common for two or more polygonal holes, the vertex is separated so that the polygonal holes are merged. This step is repeated until there are no common vertices for the polygonal holes. We use P 1 to denote the set of the sides of the polygonal holes after this step. (c) S 1 is reconstructed in B using the GB. We use S 2 to denote the reconstructed surface. The boundary of S 2 consists of polygons due to the GB reconstruction [11] . (1) and (2), the reconstructed surface S 4 also satisfies constraints (1) and (2) . In this way, the method handles topological bifurcations robustly. This is the major advantage of the improved LGB.
Results.
To assess the capability of the proposed method in multiphase flow, several test cases involving surface tension and topological bifurcations are studied. We compare the results from the present method to those from our previous FT [6] and the method of [43] (FT/GFM).
Kelvin-Helmholtz instability.
The Kelvin-Helmholtz instability arises when two fluids are separated by an interface across which the tangential velocity is discontinuous. Such a flow is unstable under a sinusoidal perturbation of the interface. The Kelvin-Helmholtz instability plays an important role in the primary breakup of a liquid jet especially for high pressure combustors [36, 35] . The evolution of the two-dimensional (2D) Kelvin-Helmholtz instability has been studied in theory [1, 32] and through numerical simulations [17, 42, 15] .
Here we investigate numerically the Kelvin-Helmholtz instability using the compressible Navier-Stokes equations. The Reynolds numbers are very large in the simulations, so that the initial growth rates of sinusoidal waves are well predicted by the inviscid linear stability theory. We first consider the Kelvin-Helmholtz instability in the linear (small amplitude) regime. In a 2D domain [−1, 1] × [−2, 2], two fluids are initially separated by a perturbed interface. The fluid below the interface is moving with velocity U 1 , and the fluid above is moving with velocity U 2 . The density of the bottom and top fluids is ρ 1 and ρ 2 , respectively. The computational domain has periodic horizontal boundaries and rigid, no-slip walls at the top and the bottom. The domain length is the wavelength λ. The interface is perturbed by a sinusoidal wave
where k = 2π/λ is the wavenumber, n is the growth rate, and A 0 is the initial amplitude of the perturbation. For a small initial amplitude, the growth rate can be predicted by the linear stability theory. For compressible fluids, we have the dispersion relations [32] 
where σ is the surface tension coefficient and c i is the sound speed for fluid i. As c 1 and c 2 approach infinity, the denominators on the left-hand side of the equality go to unity and (4.2) converges to the dispersion relation for incompressible fluids [4] ,
Here we introduce a dimensionless timẽ
All times used below are given in these dimensionless units. The Weber number is defined as
We investigate Kelvin-Helmholtz instability with density ratio ρ 1 /ρ 2 = 1 and ρ 1 /ρ 2 = 100. In our simulations, the initial amplitude is taken to be 2.5% of the wavelength. A normal mode analysis is applied to the Euler equations to obtain the initial velocity, pressure, and density, A detailed derivation was given in [32] . The initial interface is given by a grid-based construction; i.e., for a 40 × 80 mesh, the initial curve contains 40 points.
We first compare the growth rates from our simulations with that from the dispersion relation. We then study the convergence of the growth rate. We finally study the late time behavior of Kelvin-Helmholtz instability up to a timet = 60.
In Figure 4 , the computed initial growth rate is plotted versus the inverse Weber number for density ratio 100. The growth rate is normalized by the maximal growth Downloaded 11/13/12 to 129.49.23.145. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php In Table 1 , the relative errors of the growth rate under different mesh resolutions are given for density ratio ρ 1 /ρ 2 = 1. Since the interfaces roll up aftert 0 = 6, the linear stability analysis fails after this time. The following averaged growth rate is computed over the linear growth regime:
First-order convergence is observed for all three FTs. The relative error of the present method is comparable to the method in [43] but is larger than our previous FT.
We also study the long-time evolution of the Kelvin-Helmholtz instability for Weber number W e = 6 and density ratio ρ 1 /ρ 2 = 1. This case is also studied by Tauber, Unverdi, and Tryggvason [42] . Figure 5 shows the temporal evolution of the interface from our present method. As two fingers continue to grow and extend to the opposite fluids, viscous effects increase the thickness of the shear layer, and the fingers are pulled back by surface tension forces. Similar behavior has been observed in the simulations of Tauber, Unverdi, and Tryggvason [42] and Herrmann [15] for incompressible flows. generate small velocity fluctuation. To assess the level of these parasitic currents, a static 2D circle with a diameter of D = 0.5cm placed in the center of a 1 × 1 unit box resolved by a 25 × 25 grid is computed. At the initial time, there are 78 points on the circle. We perform a simulation with Laplace number La = σρD/μ 2 = 10, 000. The levels of parasitic currents are measured by the capillary number Ca = U max μ/σ, where U max is the magnitude of the maximum velocity in the simulation. Figure 6 shows the evolution of capillary numbers. In the initial time, the capillary number reaches a spike and then drops down to a constant. Earlier simulations by Tryggvason et al. [44] and Shin and Juric [39] 
Drop oscillation.
The oscillation of drops in zero gravity is a classical test case of the accuracy of numerical schemes for two-phase flows [28] . A small amplitude oscillation is applied to a spherical interface between two fluids initially at rest. Due to the influence of surface tension, the interface oscillates around its equilibrium position. In three dimensions we compare our simulations to Lamb's analytic solution [21] . According to Lamb the oscillation frequency of an inviscid drop is
where ρ l is the density of the droplet, σ is the surface tension coefficient, and R 0 is the droplet radius. He also found that with viscosity the amplitude would decay as a n (t) = a 0 e −t/τ , (4.8)
(n−1)(2n+1)ν and ν is the kinematic viscosity of the drop. The radial position of the drop interface is R(θ, t) = R 0 + P n (cos θ) sin(ω n t), (4.9) where P n is the Legendre polynomial of order n and θ is the polar angle between 0 and π. We simulate with mode n = 2 and initialize at time t = π/(2ω n ) and = 0.05R 0 . The drop radius is 1. The size of the computed domain is 4 3 with a 25 3 mesh. The initial interface has 1170 points. The density ratio and dynamic viscosity of the inner fluid and outer fluid are 600 and 1000. Figure 7 shows the radius of the drop at θ = 0 versus time. The time is nondimensionalized by the theoretical period. The theoretical prediction for the envelope of the radius versus time is also plotted. The oscillation period calculated in our simulation is 5% longer than the theoretical value, and the error in drop amplitude is about 12%. Shin obtained 7% and 10% for the two errors with level contour reconstruction method [39] .
Bubble-shock interaction.
To test the stability of our method for high acoustic impedance mismatch (AIM) interface, we perform a simulation for a 2D gas bubble under strong shock in water. The initial condition is the same as those used in earlier studies [30, 43] Figure 8 shows the response of the air bubble to the shock wave at six times. The Mach number and pressure are shown. After hitting the air bubble, a weak shock is transmitted in the air bubble. By approximate 3.6μs two sides of the air bubble hit each other and the air bubble breaks up into two parts. Upon impact, a blast wave is generated. The air bubble finally disappears completely. The results agree very well with earlier results in [30, 43] . theoretically by Rayleigh [34] using linear stability theory. For ΔU = 0, a stationary jet whose length is longer than its perimeter is unstable under surface tension forces. Any disturbance can initiate the growth of a wave along the jet that will lead to breakup.
We where A 0 is the initial perturbation amplitude set to 2.5%λ. We keep the grid spacing to 20 cells across the radial direction of the liquid column and change the disturbance wavelength λ. We compute the nondimensional growth rate β/β 0 , where β 0 = σ/(ρr 3 ). The growth rate is a function of the nondimensional wavenumber η = 2πr/λ. We compare our results to the linear stability theory of Weber [45] in Figure 9 . We then compare the convergence rate for λ = 10r using 15 × 50, 30 × 100, and 60 × 200 meshes. The number of interface points are 3394, 6788, and 13576, respectively. The relative errors for the growth rates are summarized in Table 2 . All methods have a first-order convergence rate, and our present method is more accurate than the other two methods. We compare the results after jet breakup obtained by two FTs. Figure 10 shows the temporal evolution of the interface using the present method and our previous FT under a 30 × 30 × 100 mesh. Both methods give similar results.
We also study the convergence of the interface shape before and after pinch-off with the three different meshes. Figure 11 shows the interface location for the different meshes. It can be observed that the medium and fine mesh interfaces are close to each other, while the coarse mesh interface is very different. The relative L 1 errors of the radial distance before and after pinch-off are measured in a cylindrical coordinate system by
where the subscripts c and f represent the coarse and fine grids. θ and z are the angular coordinate and the height, respectively. As shown in Table 3 , we obtain about first-order accuracy before and after pinch-off. Downloaded 11/13/12 to 129.49.23.145. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php We evaluate the distribution of droplet diameters in the simulation. In Figure 14 , the probability density function (PDF) of droplet diameters and its log normal fit are plotted together. The PDF follows a log normal distribution, as expected by many experiments [22] . We compare the resulting SMD from our simulation with that from Wu and Faeth's experimentally validated correlation [46] , Weber number with Λ as the length scale. The SMD from (5.1) is 25 μm, which is close to 20 μm from our simulation. We also study the range of the droplet diameter distribution. The ratio of the mass median diameter (MMD) to the SMD is proposed to describe the width of the droplet distribution [22] . Many authors found the relation MMD/SMD = 1.2 to hold after primary breakup for direct injection nozzles [40, 46] . We obtain MMD/SMD=1.23 from the simulation, which means that the droplet diameter distribution is nearly equal to but slightly wider than that in experiments.
Conclusions.
We couple the FT with a GFM introduced in [18] . The proposed method improves our previous FT [6] and the FT/GFM method introduced in [43] . The improvement accomplishes improved late time stability. The GFM is used to couple the FT with the interior flow solver. The interface states are reconstructed from the interior states, and the normal velocity is solved from a Riemann problem. Since the method avoids solving Navier-Stokes equations on interface, it is more robust and less computationally expensive than our previous FT. A second-order surface normal algorithm [19] is implemented in the method to improve the accuracy of surface propagation. The surface tension force is modeled in a sharp way instead of spreading over the computational grid. An improved LGB is presented to handle the topological bifurcation of the tracked 3D surface mesh. It minimizes the numerical mass diffusion due to interface reconstruction. Our numerical results show the robustness of the proposed algorithm for the simulation of an interface with millions of triangles.
We verify the method by investigating numerically a broad set of test problems including compressible Kelvin-Helmholtz instabilities, parasitic currents, drop oscillation, bubble-shock interaction, and Rayleigh instabilities. The proposed new method is shown to be comparable to either of its constituent methods by themselves. To assess the robustness of our algorithm, we perform a simulation of a liquid jet injected into quiescent gas. The detailed process of the jet breakup is identified in the simulation. The physical aspects of the simulation will appear in a separate paper.
